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THE SCHWARZ-PICK LEMMA OF HIGH ORDER
IN SEVERAL VARIABLES
SHAOYU DAI, HUAIHUI CHEN AND YIFEI PAN
Abstract. We prove a high order Schwarz-Pick lemma for mappings between
unit balls in complex spaces in terms of the Bergman metric. From this lemma,
Schwarz-Pick estimates for partial derivatives of arbitrary order of mappings
are deduced.
AMS Mathematics Subject Classifications (2000) 32A10, 32F45.
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1. Introduction
Let Bn be the unit ball in the complex space C
n of dimension n. The unit disk in
the complex plane is denoted by D. For z = (z1, · · · , zn) and z′ = (z′1, · · · , z′n) ∈ Cn,
denote 〈z, z′〉 = z1z′1 + · · ·+ znz′n and |z| = 〈z, z〉1/2.
A multi-index α = (α1, · · · , αn) of dimension n consists of n non-negative in-
tegers αj , 1 ≤ j ≤ n, the degree of a multi-index α is the sum |α| =
n∑
j=1
αj ,
and we denote α! = α1! · · ·αn!. For z = (z1, · · · , zn) ∈ Cn and a multi-index
α = (α1, · · · , αn), let zα =
n∏
j=1
zj
αj . A holomorphic function f on Bn can be
expressed by f(z) =
∑
α
aαz
α. For two multi-indexes α = (α1, · · · , αn) and v =
(v1, · · · , vn), let vα = vα11 , · · · , vαnn . Note that vαjj = 1 if vj = αj = 0. Let Ωn,m
be the class of all holomorphic mappings f from Bn into Bm. For f ∈ Ωn,m, if
f = (f1, · · · , fm), fj(z) =
∑
α
aj,αz
α for j = 1, · · · ,m, we denote f(z) = ∑
α
aαz
α,
where aα = (a1,α, · · · , am,α).
For f ∈ Ω1,1, the classical Schwarz-Pick lemma says that
|f ′(z)|
1− |f(z)|2 ≤
1
1− |z|2
holds for z ∈ D. Recently, the above inequality has been generalized to the deriva-
tives of arbitrary order by some authors [MSZ, Zh, DP]. The best result was proved
in [DP]. It was proved that
|f (k)(z)|
1− |f(z)|2 ≤ (1 + |z|)
k−1 · k!
(1− |z|2)k (1.1)
holds for f ∈ Ω1,1, k ≥ 1 and z ∈ D. The equality in (1.1) may be attained if z = 0,
and the equality statement has been established. If k > 1 and z 6= 0, (1.1) is a
strict inequality.
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Chen and Liu [ChL] generalized (1.1) by proving the following Schwarz-Pick
estimate for partial derivatives of arbitrary order of a function f ∈ Ωn,1:∣∣∣∣ ∂|v|f(z)∂z1v1 ...∂znvn
∣∣∣∣ ≤ n |v|2 |v|!
(
n+ |v| − 1
n− 1
)n+2
1− |f(z)|2
(1− |z|2)|v| (1 + |z|)
|v|−1 (1.2)
holds for any z ∈ Bn and multi-index v = (v1, · · · , vn) 6= 0.
On the unit ball Bn, the Bergman metric Hz(β, β) may be defined by
Hz(β, β) =
(1 − |z|2)|β|2 + |〈β, z〉|2
(1− |z|2)2 for z ∈ Bn, β ∈ C
n.
Commonly, there is a factor (n + 1)/2 in the definition of the Bergman metric. In
spite of ambiguity, we use the same notation for Bergman metrics in unit balls of
different dimensions. This metric is invariant under the automorphism group of
Bn. For f ∈ Ωn,m, the Schwarz-Pick lemma is formulated in terms of the Bergman
metric (see [Ch]):
Hf(z)(f
′(z)β, f ′(z)β) ≤ Hz(β, β) for z ∈ Bn, β ∈ Cn. (1.3)
Here, f ′(z) is the Jacobian matrix of the mapping f at the point z, i.e., f ′(z) =
(∂fj(z)/∂zk)1≤j≤m,1≤k≤n, and we identify a point in complex space with a column
matrix (column vector) so that f ′(z)β is the product of two matrixes. (1.3) is
precise, the equality holds for mappings in the automorphism group of Bn if m = n.
The purpose of this paper is to generalize (1.3) to the high order Fre´chet deriva-
tives of mappings in Ωn,m as was done in [DP] for the classical Schwarz-Pick lemma.
For f ∈ Ωn,m, k ≥ 1, z ∈ Bn, the Fre´chet derivative of f at z of order k is defined
by
Dk(f, z, β) =
∑
|α|=k
k!
α!
∂kf(z)
∂zα11 · · · ∂zαnn
βα,
where β ∈ Cn. Dk(f, z, 1) = f (k)(z) when n = m = 1. With this notation, our
main result is expressed as follows:
Theorem: Let f ∈ Ωn,m. Then, for k ≥ 1, z ∈ Bn and β ∈ Cn \ {0}, we have
Hf(z)(Dk(f, z, β), Dk(f, z, β))
≤ k!2
(
1 +
|〈β, z〉|
((1− |z|2)|β|2 + |〈β, z〉|2)1/2
)2(k−1)
(Hz(β, β))
k. (1.4)
(1.4) coincides with (1.1) or (1.3) if n = m = 1 or k = 1 respectively. Note that
the factor preceding (Hz(β, β))
k is increasing with |〈β, z〉| from 0 to |z|.
As a consequence, we deduce from (1.4) a Schwarz-Pick estimate for partial
derivatives of a mapping f ∈ Ωn,m:∣∣∣∣
〈
∂|v|f(z)
∂zv11 · · ·∂zvnn
, f(z)
〉∣∣∣∣
2
+ (1− |f(z)|2)
∣∣∣∣ ∂|v|f(z)∂zv11 · · · ∂zvnn
∣∣∣∣
2
≤ |v|
|v|
vv
[
v!(1 + |z|)|v|−1 · 1− |f(z)|
2
(1− |z|2)|v|
]2
(1.5)
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holds for any multi-index v = (v1, · · · , vn) 6= 0 and z ∈ Bn. In particular, if
f ∈ Ωn,1, we have∣∣∣∣ ∂|v|f(z)∂zv11 · · · ∂zvnn
∣∣∣∣ ≤
√
|v||v|
vv
v!(1 + |z|)|v|−1 · 1− |f(z)|
2
(1− |z|2)|v| . (1.6)
The equalities in (1.5) and (1.6) may be attained if z = 0 and the equality statement
is given. (1.6) is much better than (1.2) since the factor
(
n+|v|−1
n−1
)n+2
is canceled,
v! ≤ |v|! and
√
|v||v|/vv ≤ n|v|/2 (the equality holds if and only if v1 = · · · = vn).
For radial and normal partial derivatives, we have estimates more precise than
(1.5) and (1.6). For f ∈ Ωn,1, we prove that∣∣∣∣ ∂|v|f(z)∂zv11 · · · ∂zvnn
∣∣∣∣ ≤
√
|v||v|
vv
v!µ(z) · 1− |f(z)|
2
(1 − |z|2)(v1+|v|)/2 (1.7)
holds for any multi-index v = (v1, · · · , vn) 6= 0 and z = (z1, 0, · · · , 0) ∈ Bn, where
µ(z) = (1 + |z|)|v|−1 if v1 = |v|, and µ(z) is the sum of terms cj |z|j with j ≤ v1 in
(1 + |z|)|v|−1.
2. Some lemmas
The following results are known [R]. For a point a in a unit ball, let
ϕa(z) =
a− Paz −
√
1− |a|2Qaz
1− 〈z, a〉 ,
where Paz = 〈z, a〉a/〈a, a〉, Qaz = z − Paz. Note that P0(z) = 0. Then, ϕa is
injective and maps the unit ball onto itself,
ϕa(0) = a, ϕa(a) = 0, ϕa = ϕ
−1
a ,
and
ϕ′a(0) = −(1− |a|2)Pa − (1− |a|2)1/2Qa,
ϕ′a(a) = −
1
1− |a|2Pa −
1
(1− |a|2)1/2Qa.
Lemma 1. If f(z) =
∑
α
aαz
α ∈ Ωn,m, then
∑
α
|aα|2
∣∣β2α∣∣ ≤ 1 (2.1)
holds for β ∈ ∂Bn. Further, ∑
α
|aα|2 · v
α
|v||α| ≤ 1 (2.2)
holds for any multi-index v = (v1, · · · , vn) 6= 0. As a consequence, we have
|av| ≤
√
|v||v|
vv
. (2.3)
Further, if vj 6= 0 for j = 1, · · · , n, then the equality in (2.3) holds only if aα = 0
for α 6= v.
4 SHAOYU DAI, HUAIHUI CHEN AND YIFEI PAN
Proof. Let β = (β1, · · · , βn) ∈ ∂Bn be fixed. For 0 < σ < 1, we have
1 ≥ 1
(2pi)n
∫ 2pi
0
· · ·
∫ 2pi
0
|f(σβ1eiθ1 , · · · , σβneiθn)|2dθ1 · · · dθn
=
1
(2pi)n
m∑
j=1
∫ 2pi
0
· · ·
∫ 2pi
0
|fj(σβ1eiθ1 , · · · , σβneiθn)|2dθ1 · · · dθn
=
m∑
j=1
∑
α
|aj,α|2σ2|α||β1|2α1 · · · |βn|2αn =
∑
α
|aα|2σ2|α||β1|2α1 · · · |βn|2αn .
Letting σ → 1 gives (2.1). Thus, for given v = (v1, · · · , vn) 6= 0, letting βj =√
vj/|v| for j = 1, · · · , n in (2.1), we obtain (2.2). The lemma is proved. 
In the above proof, in order to get the best estimate (2.3) for av, we deduce
(2.2) by choosing βj =
√
vj/|v| in (2.1), since the maximum max
β∈∂Bn
|βv| =
√
vv
|v||v|
is
attained when βj =
√
vj/|v| for j = 1, · · · , n.
Lemma 2. If f(z) =
∑
α
aαz
α ∈ Ωn,m, then
∞∑
k=0
∣∣∣∣∣∣
∑
|α|=k
aαβ
a
∣∣∣∣∣∣
2
≤ 1 (2.4)
holds for β ∈ ∂Bn.
Proof. For β ∈ ∂Bn, let
h(λ) = f(βλ) =
∞∑
k=0

∑
|α|=k
aαβ
α

λk, λ ∈ D.
Then, h(D) ∈ Bm. Using (2.1), we obtain (2.4). The lemma is proved. 
Lemma 3. Let k ≥ 2 be a positive integer and f(z) = ϕa(bzk) + g(z) for z ∈ D,
where a ∈ Bm, b ∈ ∂Bm and
g(z) =
k−1∑
j=1
∞∑
n=0
ank+jz
nk+j
is a holomorphic mapping of D into Cm. If |f(z)| < 1 for z ∈ D, then g(z) ≡ 0.
Proof. Since |g(z)| < 1 + |ϕa(bzk)| < 2, by Lemma 1, we have
k−1∑
j=1
∞∑
n=0
|ank+j |2 ≤ 4.
Thus, for j = 1, 2, · · · , k − 1, every component of the mapping
gj(z) =
∞∑
n=0
ank+jz
nk+j
is in the Hardy class H2 and, consequently, for almost every ζ ∈ ∂D, the radial
limit lim
z→ζ
gj(z) exists for all j. Let ζ be such a point and λ = ϕa(bζ
k). Obviously,
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λ ∈ ∂Bm. Denote ω = e2pii/k. For l = 1, · · · , k, we have
lim
z→ζ
f(ωlz) = ϕa(bζ
k) +
k−1∑
j=1
lim
z→ζ
gj(ω
lz) = λ+
k−1∑
j=1
ωlj lim
z→ζ
gj(z),
and, since f(D) ⊂ Bm,∣∣∣∣∣∣1 +
k−1∑
j=1
ωlj〈 lim
z→ζ
gj(z), λ〉
∣∣∣∣∣∣ ≤
∣∣∣∣ limz→ζ f(ωlz)
∣∣∣∣ ≤ 1.
For l = 1, · · · , k, let
Al =
k−1∑
j=1
ωlj〈 lim
z→ζ
gj(z), λ〉.
Then, |1 +Al| ≤ 1 and, consequently, ReAl ≤ 0 for l = 1, · · · , k. However,
k−1∑
l=1
Al =
k−1∑
l=1
k−1∑
j=1
ωlj〈 lim
z→ζ
gj(z), λ〉
=
k−1∑
j=1
(
〈 lim
z→ζ
gj(z), λ〉
k−1∑
l=1
ωlj
)
= −
k−1∑
j=1
〈 lim
z→ζ
gj(z), λ〉 = −Ak.
Thus, ReAk = 0. Noting that |1 +Ak| ≤ 1 we conclude that Ak = 0, i.e.,
k−1∑
j=1
〈 lim
z→ζ
gj(z), λ〉 = 0.
Thus,
1 ≥
∣∣∣∣ limz→ζ f(z)
∣∣∣∣
2
=
∣∣∣∣∣∣λ+
k−1∑
j=1
lim
z→ζ
gj(z)
∣∣∣∣∣∣
2
= 1 +
∣∣∣∣∣∣
k−1∑
j=1
lim
z→ζ
gj(z)
∣∣∣∣∣∣
2
= 1 +
∣∣∣∣ limz→ζ g(z)
∣∣∣∣
2
.
This shows that the radial limit of every component of g(z) is equal to 0 at almost
every ζ ∈ ∂D. According the general theory of Hp spaces, we conclude that g(z) ≡
0. The lemma is proved. 
3. The partial derivatives at the origin
Theorem 1. Let f(z) =
∑
α
aαz
α ∈ Ωn,m. Then,
∣∣∣∣∣∣
〈 ∑
|α|=k
aαβ
α, a0
〉∣∣∣∣∣∣
2
+ (1− |a0|2)
∣∣∣∣∣∣
∑
|α|=k
aαβ
α
∣∣∣∣∣∣
2
≤ (1− |a0|2)2. (3.1)
holds for k ≥ 1 and β ∈ ∂Bn.
Proof. Let k ≥ 1 and β ∈ ∂Bn be given. If a0 = 0, (3.1) is a consequence of (2.4).
Now, assume that a0 6= 0. Let
h(z) =
1
k
k∑
l=1
f(e2lpii/kz).
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Then, h(z) ∈ Ωn,m, h(0) = a0, and
h(z) = a0 +
∞∑
m=1
∑
|α|=mk
aαz
α.
Let φ = ϕa0 ◦ h. Obviously, φ ∈ Ωn,m and φ(0) = 0. We have
φ(z) =
1
1− 〈h(z), a0〉

−(a0/|a0|2) ∞∑
m=1
∑
|α|=mk
〈aα, a0〉zα
−
√
1− |a0|2
∞∑
m=1
∑
|α|=mk
aαz
α +
√
1− |a0|2(a0/|a0|2)
∞∑
m=1
∑
|α|=mk
〈aα, a0〉zα


= − 1
1− 〈h(z), a0〉
∞∑
m=1
∑
|α|=mk
(
〈aα, a0〉a0
1 +
√
1− |a0|2
+
√
1− |a0|2aα
)
zα
= − 1
1− |a0|2
∑
|α|=k
(
〈aα, a0〉a0
1 +
√
1− |a0|2
+
√
1− |a0|2aα
)
zα +
∞∑
m=2
∑
|α|=mk
cαz
α.
Thus, using (2.4), we obtain
1
(1− |a0|2)2
∣∣∣∣∣∣
∑
|α|=k
(
〈aαβα, a0〉a0
1 +
√
1− |a0|2
+
√
1− |a0|2aαβα
)∣∣∣∣∣∣
2
≤ 1.
A simple calculation gives∣∣∣∣∣∣
∑
|α|=k
(
〈aαβα, a0〉a0
1 +
√
1− |a0|2
+
√
1− |a0|2aαβα
)∣∣∣∣∣∣
2
=
∣∣∣∣∣∣
〈∑
|α|=k aαβ
α, a0
〉
a0
1 +
√
1− |a0|2
+
√
1− |a0|2
∑
|α|=k
aαβ
α
∣∣∣∣∣∣
2
=
∣∣∣〈∑|α|=k aαβα, a0〉∣∣∣2 |a0|2(
1 +
√
1− |a0|2
)2 + (1 − |a0|2)
∣∣∣∣∣∣
∑
|α|=k
aαβ
α
∣∣∣∣∣∣
2
+
2
√
1− |a0|2
∣∣∣〈∑|α|=k aαβα, a0〉∣∣∣2
1 +
√
1− |a0|2
=
∣∣∣∣∣∣
〈 ∑
|α|=k
aαβ
α, a0
〉∣∣∣∣∣∣
2
+ (1− |a0|2)
∣∣∣∣∣∣
∑
|α|=k
aαβ
α
∣∣∣∣∣∣
2
.
This shows (3.1). The theorem is proved. 
Theorem 2. Let f(z) =
∑
α
aαz
α ∈ Ωn,m. Then,
|〈av, a0〉|2 + (1 − |a0|2) |av|2 ≤ |v|
|v|
vv
(1− |a0|2)2. (3.2)
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holds for any multi-index v 6= 0. Further, if the equality holds for some v =
(v1, · · · , vn) with vj 6= 0 for j = 1, · · · , n, then
f(z) = a0 +
avz
v
1 + 〈av ,a0〉z
v
1−|a0|2
= a0 + avz
v + · · · . (3.3)
Conversely, if v 6= 0, a0 ∈ Bm and av ∈ Cm satisfy the equality in (3.2), then the
mapping f expressed by (3.3) belongs to Ωn,m.
Proof. Let v = (v1, · · · , vn) 6= 0 be given and k = |v|. As in the proof of the above
theorem, consider h and φ. Let
bv = − 1
1− |a0|2
(
〈av, a0〉a0
1 +
√
1− |a0|2
+
√
1− |a0|2av
)
.
Using Lemma 1 to the function φ, by (2.3), we have |bv|2vv/|v||v| ≤ 1 and∣∣∣∣∣
(
〈av, a0〉a0
1 +
√
1− |a0|2
+
√
1− |a0|2av
)∣∣∣∣∣
2
≤ |v|
|v|
vv
(1− |a0|2)2.
The same calculation as in the proof of the above theorem gives∣∣∣∣∣
(
〈av, a0〉a0
1 +
√
1− |a0|2
+
√
1− |a0|2av
)∣∣∣∣∣
2
= |〈av, a0〉|2 + (1− |a0|2) |av|2 .
This shows (3.2).
Now, let the equality in (3.2) holds for some v = (v1, · · · , vn) with vj 6= 0
for j = 1, · · · , n. If a0 = 0, then |av|2vv/|v||v| = 1, the equality in (2.3) holds
and, consequently, f(z) = avz
v. This shows (3.3). In the case a0 6= 0, we have
|bv|2vv/|v||v| = 1. Then, the same reasoning shows φ(z) = bvzv and, consequently,
h(z) = ϕa0(bvz
v) =
a0 − 〈bv ,a0〉|a0|2 a0zv −
√
1− |a0|2
(
bvz
v − 〈bv,a0〉|a0|2 a0zv
)
1− 〈bv, a0〉zv . (3.4)
Note that
〈bv, a0〉 = − 〈av, a0〉
1− |a0|2 . (3.5)
Replacing 〈bv, a0〉 in (3.4) by (3.5), by a straightforward calculation, we obtain
h(z) = a0 +
avz
v
1 + 〈av ,a0〉z
v
1−|a0|2
.
If k = 1, f(z) = h(z) and (3.3) is true. In the case k ≥ 2, we have f(z) =
ϕa0(bvz
v) + g(z) with
g(z) =
k−1∑
j=1
∞∑
m=0
∑
|α|=mk+j
aαz
α.
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Let 0 ≤ θ1, · · · , θn ≤ 2pi be fixed. For λ ∈ D, define
ψ(λ) = f
(
eiθ1
√
v1λ/
√
|v|, · · · , eiθn√vnλ/
√
|v|
)
= ϕa0
(
bei(v1θ1+···+vnθn)
√
vv
|v||v|λ
k
)
+
k−1∑
j=1
∞∑
m=0

 ∑
|α|=mk+j
aαe
i(α1θ1+···+αnθn) ·
√
vα√
kmk+j

λmk+j .
Using Lemma 3 to ψ, we have
pm,j(θ1, · · · , θn) =
∑
|α|=mk+j
aα
√
vαei(α1θ1+···+αnθn) = 0
for j = 1, · · · , k − 1 and m = 0, 1, · · · . Note that the above equality holds for
arbitrary θ1, · · · , θn. Thus, for any multi-index α′ with |α′| = mk+j, 1 ≤ j ≤ k−1,
m ≥ 0, we have
aα′
√
vα′ =
1
(2pi)n
∫ 2pi
0
· · ·
∫ 2pi
0
e−i(α
′
1θ1+···+α
′
nθn)pm,j(θ1, · · · , θn)dθ1 · · · dθn = 0.
It is proved that aα = 0 for any multi-index α with |α| = mk + j, 1 ≤ j ≤ k − 1,
m ≥ 0. Then we obtain f(z) = h(z) and (3.3) is proved again. The last conclusion
of the theorem is easy to verify. The theorem is proved. 
Remark 1. Define
f(z) = a1,0z1 + a0,2z
2
2 = z1 +
1
3
z22 , for z = (z1, z2) ∈ B2.
It is easy to verify that f ∈ Ω2,1. Let v = (1, 0). We have a0 = 0, av = 1. v, a0, and
av satisfy the equality in (3.2), but f(z) is not expressed by (3.3). This example
shows that the condition vj 6= 0 for j = 1, · · · , n in the second part of the above
theorem cannot be omitted.
Corollary 1. Let f(z) =
∑
α
aαz
α ∈ Ωn,m. Then, for any multi-index v 6= 0,
|av| ≤
√
|v||v|
vv
√
1− |a0|2
if m ≥ 2; and
|av| ≤
√
|v||v|
vv
(1− |a0|2)
if m = 1 or, more general, λ1a0 + λ2av = 0 with λ1, λ2 ∈ C.
4. The Schwarz-Pick lemma of high order
First we consider mappings from the unit disk into a unit ball Bm. The following
theorem is the special case that n = 1 of our general Schwarz-Pick lemma of high
order.
Theorem 3. Let f ∈ Ω1,m. Then,
|〈f (k)(z), f(z)〉|2 + (1− |f(z)|2)|f (k)(z)|2 ≤
[
k!(1− |f(z)|2)
(1 − |z|2)k (1 + |z|)
k−1
]2
(4.1)
holds for k ≥ 1 and z ∈ D.
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Proof. Let ξ ∈ D and a positive integer k be fixed. We consider g = f ◦ϕξ ∈ Ω1,m,
where
ϕξ(z) =
ξ − z
1− ξz .
Let g(z) =
∞∑
l=0
clz
l with cl = (c1,l, · · · , cm,l) for l = 1, 2, · · · . Then c0 = f(ξ) and,
by (3.2) for n = 1,
|〈cl, c0〉|2 + (1− |c0|2)|cl|2 ≤ (1− |c0|2)2 (4.2)
holds for l ≥ 1.
It is easy to verify that
dl(ϕξ(z)
j)
dzl
∣∣∣∣
z=ξ
=
{
0, l < j;
(−1)j(ξ¯)l−j
(1−|ξ|2)l
l!(l−1)!
(l−j)!(j−1)! , l ≥ j.
Let
Aj =
(−1)jξk−j
(1− |ξ|2)k
k!(k − 1)!
(k − j)!(j − 1)! .
Since f = g ◦ ϕξ, we have
f (k)(ξ) =
k∑
j=1
cjAj ,
and, using (4.2) and the Schwarz inequality,
|〈f (k)(ξ), f(ξ)〉|2 + (1− |f(ξ)|2)|f (k)(ξ)|2
=
∣∣∣∣∣∣
k∑
j=1
Aj〈cj , c0〉
∣∣∣∣∣∣
2
+ (1− |c0|2)
∣∣∣∣∣∣
k∑
j=1
cjAj
∣∣∣∣∣∣
2
≤
k∑
j=1
|Aj |
k∑
j=1
|Aj ||〈cj , c0〉|2 + (1− |c0|2)
k∑
j=1
|Aj |
k∑
j=1
|Aj ||cj |2
=
k∑
j=1
|Aj |
k∑
j=1
|Aj |
(|〈cj , c0〉|2 + (1 − |c0|2)|cj |2)
≤ (1− |c0|2)2

 k∑
j=1
|Aj |


2
.
On the other hand,
k∑
j=1
|Aj | = k!
(1− |ξ|2)k
k∑
j=1
(k − 1)!|ξ|k−j
(k − j)!(j − 1)! =
k!
(1 − |ξ|2)k (1 + |ξ|)
k−1.
This shows (4.1). The theorem is proved. 
Corollary 2. Let f ∈ Ω1,m. Then, for k ≥ 1 and z ∈ D,
|f (k)(z)| ≤ k!(1− |f(z)|
2)1/2
(1− |z|2)k (1 + |z|)
k−1;
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and
|f (k)(z)| ≤ k!(1− |f(z)|
2)
(1− |z|2)k (1 + |z|)
k−1
if λ1f(z) + λ2f
(k)(z) = 0 with λ1, λ2 ∈ C.
Remark 2. In [DP], the authors proved that (1.1) is asymptotically sharp in the
sense that for any two points z, w ∈ D, there exists a holomorphic function fz,w on
D, such that fz,w(z) = w, fz,w(D) ⊂ D, and
lim
w→∂D
|f (k)z,w(z)|
(1− |fz,w(z)|2) =
k!(1 + |z|)k−1
(1− |z|2)k
holds for any positive integer k. In the same way, we can construct examples of
mappings to show (4.1) is also asymptotically sharp. For fixed points ξ ∈ D \ {0},
arg ξ = θ, and w ∈ Bm \ {0}, let b = −(1− |w|2)/|w|, and define
gw(z) =
w
|w|
|w| − z
1− |w|z = w(1 + bz + b|w|z
2 + b|w|2z3 + · · · ),
and
fw(z) = gw
(
−e−iθ ξ − z
1− ξz
)
.
Then, fw(ξ) = w, and
f (k)w (ξ) =
−e−kiθk!(1− |w|2)w
|w|(1 − |ξ|2)k
k∑
v=1
|w|v−1(k − 1)!|ξ|k−v
(v − 1)!(k − v)! ,
|〈f (k)w (ξ), fw(ξ)〉|2 + (1− |fw(ξ)|2)|f (k)w (ξ)|2
(1 − |fw(ξ)|2)2 =
|f (k)w (ξ)|2
(1− |fw(ξ)|2)2
=
(
k!
(1− |ξ|2)k
k∑
v=1
|w|v−1(k − 1)!|ξ|k−v
(v − 1)!(k − v)!
)2
.
Thus,
lim
w→∂Bm
|〈f (k)w (ξ), fw(ξ)〉|2 + (1 − |fw(ξ)|2)|f (k)w (ξ)|2
(1− |fw(ξ)|2)2
=
(
k!
(1− |ξ|2)k
k∑
v=1
(k − 1)!|ξ|k−v
(v − 1)!(k − v)!
)2
=
(
k!
(1 − |ξ|2)k (1 + |ξ|)
k−1
)2
.
Now, we are ready to prove our main result.
Theorem 4. Let f ∈ Ωn,m. Then,
Hf(z)(Dk(f, z, β), Dk(f, z, β))
≤ k!2
(
1 +
|〈β, z〉|
((1 − |z|2)|β|2 + |〈β, z〉|2)1/2
)2(k−1)
(Hz(β, β))
k (4.3)
holds for k ≥ 1, β ∈ Cn \ {0} and z ∈ Bn. Further, in the case n ≤ m, the equality
in (4.3) holds for k = 1, some z = ξ ∈ Bn, and any β ∈ Cn, i.e.,
Hf(ξ)(f
′(ξ)β, f ′(ξ)β) = Hξ(β, β) (4.4)
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holds for any β ∈ Cn, if and if F ′(0) = ϕ′f(ξ)(f(ξ))f ′(ξ)ϕ′ξ(0) satisfies F ′(0)
T
F ′(0) =
I, where I is the identity matrix of n× n, and
f(z) = f(ξ) +
(
1− 〈z, ξ〉
1− |ξ|2 +
f(ξ)
T
f ′(ξ)(z − ξ)
1− |f(ξ)|2
)−1
f ′(ξ)(z − ξ). (4.5)
Proof. Let k ≥ 1, β = (β1, · · · , βn) ∈ Cn \ {0} and ξ = (ξ1, · · · , ξn) ∈ Bn be given.
First assume that β ∈ ∂Bn. We consider the disk
∆ = {ζ ∈ C : |ξ + ζβ|2 = |ξ1 + β1ζ|2 + · · ·+ |ξn + βnζ|2 < 1}.
To make the equation of ∆ clearer, let U be a unitary matrix such that Uβ =
(1, 0, · · · , 0)T . Denote Uξ = η = (η1, · · · , ηn)T . Here we identify a point in Cn
with a column matrix of n× 1. Since
|ξ + ζβ|2 = |U(ξ + ζβ)|2 = |η1 + ζ|2 + |η2|2 + · · ·+ |ηn|2,
we have
∆ = {ζ ∈ C : |η1 + ζ|2 < 1− |η2|2 − · · · − |ηn|2}.
Thus, if we set σ = (1− |η2|2 − · · · − |ηn|2)1/2, γ = σβ, and
ζ = σω − η1, z = L(ω) = ξ + ωγ − η1β,
g(ω) = f(L(ω)) is a holomorphic mapping from D into Bm.
Using (4.1) to the mapping g and the point ω = ω′ = η1/σ, we have
|〈g(k)(ω′), g(ω′)〉|2 + (1− |g(ω′)|2)|g(k)(ω′)|2 ≤
[
k!(1− |g(ω′)|2)
(1− |ω′|2)k (1 + |ω
′|)k−1
]2
.
Note that g(ω′) = f(ξ), |η| = |ξ|, η1 = 〈ξ, β〉 and
σ2 = 1− |η|2 + |η1|2 = 1− |ξ|2 + |〈β, ξ〉|2,
|ω′| = |〈β, ξ〉|
(1− |ξ|2 + |〈β, ξ〉|2)1/2 , 1− |ω
′|2 = 1− |ξ|
2
σ2
.
By the chain rule,
g(k)(ω′) =
∑
|α|=k
k!
α!
∂kf(ξ)
∂zα11 · · · ∂zαnn
γα = σk
∑
|α|=k
k!
α!
∂kf(ξ)
∂zα11 · · ·∂zαnn
βα.
Thus,∣∣∣∣∣∣
〈 ∑
|α|=k
k!
α!
∂kf(ξ)
∂zα11 · · · ∂zαnn
βα, f(ξ)
〉∣∣∣∣∣∣
2
+ (1− |f(ξ)|2)
∣∣∣∣∣∣
∑
|α|=k
k!
α!
∂kf(ξ)
∂zα11 · · · ∂zαnn
βα
∣∣∣∣∣∣
2
≤ k!2(1 − |f(ξ)|2)2
[
1− |ξ|2 + |〈β, ξ〉|2
(1− |ξ|2)2
]k (
1 +
|〈β, ξ〉|
(1 − |ξ|2 + |〈β, ξ〉|2)1/2
)2(k−1)
.
(4.3) is proved for z = ξ and any β ∈ ∂Bn. For a general β, we may consider β/|β|,
since (4.3) is homogeneous for β. (4.3) is proved completely.
Now assume that n ≤ m and (4.4) holds for any β ∈ Cn. Consider F = ϕf(ξ) ◦
f ◦ ϕξ. By the invariance of the Bergman metric, H0(F ′(0)β, F ′(0)β) = H0(β, β),
i.e., |F ′(0)β| = |β|, holds for any β ∈ Cn. This shows that the m × n-matrix
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F ′(0) satisfies F ′(0)
T
F ′(0) = I, where I is the identity matrix of n× n. Note that
F ′(0) = ϕ′f(ξ)(f(ξ))f
′(ξ)ϕ′ξ(0). Thus, for z ∈ Bn, F (z) = F ′(0)z and
f(z) = ϕf(ξ)
(
ϕ′f(ξ)(f(ξ))f
′(ξ)ϕ′ξ(0)ϕξ(z)
)
. (4.6)
Using the formulas for ϕa at the beginning of Section 2, we have
f ′(ξ)ϕ′ξ(0)ϕξ(z) =
(1− |ξ|2)f ′(ξ)(z − ξ)
1− 〈z, ξ〉 ,
ϕ′f(ξ)(f(ξ))f
′(ξ)ϕ′ξ(0)ϕξ(z)
= − 1− |ξ|
2
1− 〈z, ξ〉
(
(1 − (1− |f(ξ)|2)1/2)f(ξ)T f ′(ξ)(z − ξ)
|f(ξ)|2(1− |f(ξ)|2) f(ξ) +
f ′(ξ)(z − ξ)
(1− |f(ξ)|2)1/2
)
,
〈ϕ′f(ξ)(f(ξ))f ′(ξ)ϕ′ξ(0)ϕξ(z), f(ξ)〉 = −
(1− |ξ|2)f(ξ)T f ′(ξ)(z − ξ)
(1 − 〈z, ξ〉)(1− |f(ξ)|2) , (4.7)
Pf(ξ)(ϕ
′
f(ξ)(f(ξ))f
′(ξ)ϕ′ξ(0)ϕξ(z)) = −
(1 − |ξ|2)f(ξ)T f ′(ξ)(z − ξ)
|f(ξ)|2(1− 〈z, ξ〉)(1− |f(ξ)|2)f(ξ). (4.8)
(4.5) follows from (4.6), (4.7) and (4.8). Conversely, if A = ϕ′f(ξ)(f(ξ))f
′(ξ)ϕ′ξ(0)
satisfies A
T
A = I and (4.5) holds, then
f(z) = ϕf(ξ)
(
ϕ′f(ξ)(f(ξ))f
′(ξ)ϕ′ξ(0)ϕξ(z)
)
and, by the invariance of the Bergman metric,
Hf(ξ)(f
′(ξ)β, f ′(ξ)β) = Hf(ξ)(ϕ
′
f(ξ)(0)Aϕ
′
ξ(ξ)β, ϕ
′
f(ξ)(0)Aϕ
′
ξ(ξ)β)
= H0(Aϕ
′
ξ(ξ)β,Aϕ
′
ξ(ξ)β) = |Aϕ′ξ(ξ)β|2 = |ϕ′ξ(ξ)β|2
= H0(ϕ
′
ξ(ξ)β, ϕ
′
ξ(ξ)β) = Hξ(β, β)
holds for any β ∈ Cn. The theorem is proved. 
5. Schwarz-Pick estimates for derivatives of any order
On the basis of Theorem 4, we can deduce an estimate for partial derivatives of
arbitrary order of mappings in Ωn,m.
Theorem 5. Let f ∈ Ωn,m. Then,∣∣∣∣
〈
∂|v|f(z)
∂zv11 · · ·∂zvnn
, f(z)
〉∣∣∣∣
2
+ (1− |f(z)|2)
∣∣∣∣ ∂|v|f(z)∂zv11 · · · ∂zvnn
∣∣∣∣
2
≤ |v|
|v|
vv
[
v!(1 + |z|)|v|−1 · 1− |f(z)|
2
(1− |z|2)|v|
]2
. (5.1)
holds for any multi-index v = (v1, · · · , vn) 6= 0 and z ∈ Bn. In particular, if
f ∈ Ωn,1, then (5.1) becomes∣∣∣∣ ∂|v|f(z)∂zv11 · · · ∂zvnn
∣∣∣∣ ≤
√
|v||v|
vv
v!(1 + |z|)|v|−1 · 1− |f(z)|
2
(1− |z|2)|v| . (5.2)
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Proof. Let v = (v1, · · · , vn) 6= 0 and ξ ∈ Bn be given, and k = |v|. By (4.3),∣∣∣∣∣∣
〈 ∑
|α|=k
k
α!
∂kf(ξ)
∂zα11 · · · ∂zαnn
vα
|v| , f(ξ)
〉∣∣∣∣∣∣
2
+(1−|f(ξ)|2)
∣∣∣∣∣∣
∑
|α|=k
k
α!
∂kf(ξ)
∂zα11 · · · ∂zαnn
vα
|v|
∣∣∣∣∣∣
2
≤ A2,
where
A = k!(1 + |ξ|)k−1 · 1− |f(ξ)|
2
(1− |ξ|2)k .
Define
g(z) =
1
A
〈∑
|α|=k
k!
α!
∂kf(ξ)
∂zα11 · · ·∂zαnn
zα, f(ξ)
〉
=
1
A
∑
|α|=k
〈
k!
α!
∂kf(ξ)
∂zα11 · · · ∂zαnn
, f(ξ)
〉
zα,
h(z) =
1
A
(1 − |f(ξ)|2)1/2
∑
|α|=k
k!
α!
∂kf(ξ)
∂zα11 · · · ∂zαnn
zα,
and φ = (g, h). Using (2.2) to φ, which is a holomorphic mapping from Bn into
B2m and satisfies |φ(z)|2 < 1 for z ∈ Bn, we have
∑
|α|=k
(∣∣∣∣
〈
k!
α!
∂kf(ξ)
∂zα11 · · · ∂zαnn
, f(ξ)
〉∣∣∣∣
2
+ (1 − |f(ξ)|2)
∣∣∣∣ k!α! ∂
kf(ξ)
∂zα11 · · · ∂zαnn
∣∣∣∣
2
)
· v
α
|v||α| ≤ A
2.
In particular,∣∣∣∣
〈
k!
v!
∂kf(ξ)
∂zv11 · · · ∂zvnn
, f(ξ)
〉∣∣∣∣
2
+ (1− |f(ξ)|2)
∣∣∣∣k!v! ∂
kf(ξ)
∂zv11 · · · ∂zvnn
∣∣∣∣
2
≤ |v|
|v|
vv
A2.
This shows (5.1) and the theorem is proved. 
Theorem 6. Let f ∈ Ωn,m. Then,∣∣∣∣
〈
∂|v|f(z)
∂zv11 · · ·∂zvnn
, f(z)
〉∣∣∣∣
2
+ (1− |f(z)|2)
∣∣∣∣ ∂|v|f(z)∂zv11 · · · ∂zvnn
∣∣∣∣
2
≤ |v|
|v|
vv
[
v!µ(z) · 1− |f(z)|
2
(1− |z|2)(v1+|v|)/2
]2
(5.3)
holds for any multi-index v = (v1, · · · , vn) 6= 0 and z = (z1, 0, · · · , 0) ∈ Bn, where
µ(z) = (1 + |z|)|v|−1 if v1 = |v|, and µ(z) is the sum of terms cj |z|j with j ≤ v1 in
(1 + |z|)|v|−1. In particular, if f ∈ Ωn,1, then (5.3) becomes∣∣∣∣ ∂|v|f(z)∂zv11 · · ·∂zvnn
∣∣∣∣ ≤
√
|v||v|
vv
v!µ(z) · 1− |f(z)|
2
(1− |z|2)(v1+|v|)/2 . (5.4)
Proof. Let v = (v1, · · · , vn) 6= 0 and ξ = (ξ1, · · · , ξn) ∈ Bm be given. v1 = |v|, (5.3)
follows from (5.1). Now assume that v1 < |v|. Let k = |v| and
g(z) = f(ϕξ(z)) =
∑
α
cαz
α.
Then, c0 = f(ξ) and, by (3.2),
|〈cα, c0〉|2 + (1− |c0|2) |cα|2 ≤ |α|
|α|
αa
(1− |c0|2)2 (5.5)
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holds for any multi-index α 6= 0. Thus, we have
f(z) = g(ϕξ(z)) =
∑
α
cαϕξ(z)
α,
where
ϕξ(z) =
(
ξ1 − z1
1− ξ1z1
,− (1− |ξ|
2)1/2z2
1− ξ1z1
, · · · ,− (1− |ξ|
2)1/2zn
1− ξ1z1
)
.
For a multi-index α, denote α = (α1, α
′) with α′ = (α2, · · · , αn). Then, it is easy
to see that
∂k(ϕξ(z)
α)
∂zv11 · · · ∂zvnn
∣∣∣∣
z=ξ
=


0, α′ 6= v′;
0, α′ 6= v′, α1 > v1;
(−1)α1+|v
′|(ξ¯)v1−α1
(1−|ξ|2)(v1+|v|)/2
v!(k−1)!
(v1−α1)!(α1−1+|v′|)!
, α′ = v′, 0 ≤ α1 ≤ v1.
Thus, letting
Aj =
(−1)j+|v′|(ξ¯)v1−j
(1− |ξ|2)(v1+|v|)/2
v!(k − 1)!
(v1 − j)!(j − 1 + |v′|)! ,
we have
∂kf(z)
∂zv11 · · · ∂zvnn
∣∣∣∣
z=ξ
=
v1∑
j=0
Ajcj,v′ ,
and, by the Schwarz inequality and (5.5),∣∣∣∣∣
〈
∂|v|f(z)
∂zv11 · · ·∂zvnn
∣∣∣∣
z=ξ
, f(ξ)
〉∣∣∣∣∣
2
+ (1 − |f(ξ)|2)
∣∣∣∣∣ ∂
|v|f(z)
∂zv11 · · ·∂zvnn
∣∣∣∣
z=ξ
∣∣∣∣∣
2
=
∣∣∣∣∣∣
v1∑
j=0
Aj〈cj,v′ , c0〉
∣∣∣∣∣∣
2
+ (1− |c0|2)
∣∣∣∣∣∣
v1∑
j=0
Ajcj,v′
∣∣∣∣∣∣
2
≤
v1∑
j=0
|Aj |
v1∑
j=0
|Aj ||〈cj,v′ , c0〉|2 + (1− |c0|2)
v1∑
j=0
|Aj |
v1∑
j=0
|Aj ||cj,v′ |2
≤ |v|
|v|
vv
(1− |c0|2)2

 v1∑
j=0
|Aj |


2
.
Here, we use the obvious inequality |α|
|α|
αα ≤ |v|
|v|
vv if αj ≤ vj for j = 1, · · · , n. Note
that
v1∑
j=0
|Aj | = v!
(1− |ξ|2)(v1+|v|)/2
v1∑
j=0
(k − 1)!|ξ|v1−j
(v1 − j)!(j − 1 + |v′|)!
=
v!
(1 − |ξ|2)(v1+|v|)/2
v1∑
l=0
(k − 1)!|ξ|l
l!(k − 1− l)!
(5.3) is proved. (5.4) follows from (5.3) directly and the proof is complete. 
Remark 3. Let a multi-index v = (v1, · · · , vn), ξ = (ξ1, 0, · · · , 0) ∈ Bn and w ∈ C
be fixed. Define
g(z) =
w −
√
|v||v|/vvzv
1− w
√
|v||v|/vvzv
for z ∈ Bn,
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and f = g ◦ ϕξ. Then, g ∈ Ωn,1, f ∈ Ωn,1, f(ξ) = w, and
g(z) = w − (1 − |w|2)
√
|v||v|/vvzv − w(1 − |w|2)(|v||v|/vv)z2v − · · · ,
∂|v|f(z)
∂zv11 · · ·∂zvnn
∣∣∣∣
z=ξ
= −
√
|v||v|
vv
(1− |w|2) · ∂
|v|(ϕξ(z))
v
∂zv11 · · · ∂zvnn
∣∣∣∣
z=ξ
= (−1)|v|+1
√
|v||v|
vv
v! · 1− |f(ξ)|
2
(1− |ξ|2)(v1+|v|)/2 .
This shows that the estimate (5.4) is precise up to a constant less than 2|v|−1.
Remark 4. If v1 = |v| = k, (5.4) becomes∣∣∣∣∂kf(z)∂zk1
∣∣∣∣ ≤ k!(1 + |z|)k−1 · 1− |f(z)|2(1 − |z|2)k . (5.5)
(5.5) is also a consequence of (5.2). For given ξ = (ξ1, 0, · · · , 0) ∈ Bn \ {0} and
w ∈ C \ {0}, let θ = arg ξ − argw and defined
g(z) =
w + e−iθz1
1 + we−iθz1
for z = (z1, · · · , zn) ∈ Bn,
and f = g ◦ ϕξ. Then, g ∈ Ωn,1, f ∈ Ωn,1, f(ξ) = w, and
g(z) = w + (1− |w|2)e−iθz1 − w(1− |w|2)e−2iθz21 + w2(1− |w|2)e−3iθz31 + · · · .
Thus, for any positive integer k, we have
∂kf(z)
∂zk1
∣∣∣∣
z=ξ
= (1− |w|2)
k∑
j=1
wj−1e−jiθ
dk
dzk1
(
(ξ1 − z1)j
(1− ξ1z1)j
)∣∣∣∣
z1=ξ1
= −k!(1− |w|
2)
(1 − |ξ|2)k
k∑
j=1
(k − 1)!e−jiθwj−1ξk−j
(j − 1)!(k − j)!
= −k!(1− |w|
2)|ξ|kw
(1− |ξ|2)k|w|ξk
k∑
j=1
(k − 1)|w|j−1|ξ|k−j
(j − 1)!(k − j)!
= −k!(1− |w|
2)|ξ|kw
(1− |ξ|2)k|w|ξk (|w| + |ξ|)
k−1
and, consequently,
lim
w→∂D
∣∣∣∂kf(z)/∂zk1 ∣∣z=ξ
∣∣∣
1− |f(ξ)|2 =
k!(1 + |ξ|)k−1
(1− |ξ|2)k .
This shows that (5.5) is asymptotically sharp.
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